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By using a Rosenthal type inequality established in this paper and inspired by Berb-
eran-Santos et al., J. Math. Chem. 37 (2005) 101-115, the complete convergence rates in
the strong laws for p~ - mixing random fields are discussed. The result obtained extends
the result of Ko et al., Commun. Korean Math. Soc. 19 (2004) 765-773.
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1. Introduction

In 2001, Zhang gave the concept of p~-mixing random fields. As for p~-
mixing random fields, Zhang [1] obtained a weak convergence. The concept of
p~-mixing random fields see the following definition.

Definition 1 [1]. A field {X;,i € N} s called p~-mixing if
p~(s) =sup{(p (S, T); S, T C N, dist(S, T) > s} — 0(s — 00),

where
Cov{f(Xi;i€S),g(X;;jeT)}
[Var{f(X;;i € $)}Var{g(X;; j € T)}]V/?’

,o(S,T):OVsup{ f,geC}.

In 2005, Berberan-Santos, et al. [2] have discussed the classical and the
quantum mechanical description of a one-dimensional motion of a particle in
the presence of a gravitational field. Their attention is centered on the evolu-
tion of classical and quantum mechanical position probability distribution func-
tion. The classical case has been compared with three different quantum cases:
(a) a quantum stationary case, (b) a quantum non-stationary zero approximation
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244 G.-h. Cail Moment inequalities and convergence rates

case, where the wave packet has the shape of the first eigenfunction, and (c) a
quantum non-stationary general case, where the wave packet is a superposition
of stationary states.

In 2004, Ko et al. [3] obtained strong laws of large numbers for asymptoti-
cally quadrant independent random fields. In this paper, inspired by Berberan-
Santos et al. [2] and by using a Rosenthal type inequality established in this
paper, the complete convergence rates in the strong laws for p~-mixing random
fields are discussed. The result obtained extends the result of Ko et al. [3].

2. Theorems and proof

Throughout this paper, C will represent a positive constant though its value
may change from one appearance to the next, and a, < b, will mean a, < Cb,.

Lemma 1. [1]. Assume {X;,i € N%} be a p~-mixing random field, EX; =0, E|X;|? <
oo for some p >2 and every i € N¢. Then there exists C = C(p, p~(1)), such that

k p/2

p P n n
Elrg?é( ZX,- <C (E max ZX ) +ZE | X;: P + <Z EX?)
SN i=1 i=1

I<k<n |4

(1)

Lemma 2. Assume {X;,i € N¢} be a p~-mixing random field, EX; = 0, E|X;|” <
oo for some p > 2 and every i € N¢. Then there exists C = C(p, p~(n)), such
that

E max
1<k<gn

n n p/2
< C 1D EIXi|” + (logy n)? (ZEX?) : 2)

i=1 i=1

ZX

i=1

Proof. The proof is similar to the proof of corollary 2 in Peligrad and Gut [4].
O

Lemma 3. Assume events Ay, A, ..., A, satisfy Var(}_;_, I4,) < K Y }_; P(Ap),
then

UA, ZP(Ak) KP UA
j=1
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Proof. Let B=1— P (Uj_; Ax)-

2
If B =0, then (1 - P (U?Zl Aj>> Yoo P(AY) <KP <U;f:1 Aj) is obvious.
If B> 0, by Var (};_, Ia,) < K Y_;_, P(Ay), then

Yruap=Y P {Ajﬂ (Um)}
j=1 j=1 i=1
=E lZ([A — P(A) Iy, ] + ZP(A (1 —B)

j=1 j=1

12
ar (Z IA].) P (U Ak)) +ZP(Aj)(1 - B
=1 k=1

Jj=1

N

N

1/2
K> P(ApP (U Ak>] +) PAHI-p)
= = =
(UAk) ( +1-8 )ZP(Aj).
k=1 j=1

Thus
ZP(A) UAk +(1-2 Zn:P(A-).
2 = !
So we have
Z P(A)) < (U Ak)
Now we complete the proof of Lemma 3. o

Lemma 4 [1]. Assume {X;,ie N9} be a p -mixing random field, EX; =0,
E|X;|? < oo for some p > 2 and every i € N?. Then there exists C = C(p),
such that

E an

nes

p p/2
<C IZElX,,p + (ZE|X,,|2> ] . VS c NY.

nes nes
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Theorem 1. Let {X, X;, i € N} be identically distributed p~-mixing random field,
> %, pa > 1, and suppose that EX =0 fora < 1. §, = Zlgign X;, and

E|X|"log"'(1X]) < oo. 3)
Then
Ve > 0, Z|n|”°‘ ’p (max 1S;| > eln|® ) < 0. 4)

Proof. Vi € N9, define X = X, 1(1X;| < [n|*) + [n|*I(X; > [n|%) — |n|*I(X; <
—|n|%),

(n) _ () _ (n)
S = Zl«j(x. EX™). Then Ve > 0,

1

P (max [S;| > 8|n|°‘> <P (max 1X;| > |n|“)
1<j<n I<jsn

+P | max [S"] > eln|* — max | Y EX"|[|. (5)
1<j<n 1<j<n <<

First we show that

n|™% max EX™| = 0, as |n| — oo. 6
. 1
SIS G

In fact, (i) If @« > 1, p > 1, then

In|™* max Z EX(")
1<i<y

<™ > EIXGHAX < Inl)+ Y PUXil > [n*)
1<in 1<ign
n|'""“E|X|1(1X| < In|*) + |n|P(1X| > |n|*)
E|X|?
|n|ep
< |n|"EIX|I(X] < In|*) + [n|'7*P
— 0. (7)

<
< In|'"EIX1(X| < [n]*) + |n]

(1) If @ > 1, p < 1, using (7), then

|n]

n|™ max | > EX"| < |n|'"™* Y EIX[I(k—1 < |X|5 <k)+ [n|' "7,
1<i<y k=1
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Using p < 1,ap > 1, then

o0
SKTEIX| I -1 < |X]7 <K)
k=1

KE|X|PT(k— 1 < |X]& < )k

Mg

k=1

8

=Y KTEIXIPIGK -1 < |X]F < k)
k=1

EIXIPI(k—1 < |X|« <k)
1
|X|” < oo.

Mg

m»‘

By Kronecker lemma, we get |n|'™® ‘"' VEIX|T(k—1 < |X|$ <k)—0, |n| —
00, So

—a (n)
In| max Z.EXI. -0, |n|— oo. (8)
1<i<j
(ii1) If % < 1, noting that p > 1, pa > 1 and EX = 0 it follows that

max Z EX(")

1</<n
1<i<j
<™ Y EIXIAXi] > n*) + D PUXil > [n])
I<isn 1<i<n
n|'""PEIX|PI(1X| > [n|*) + || P(IX| > |n]%)

E|Xx|?
[P

<

< n|"PEIXIPI(X] > |n|*) + |n|
L [n"PEIX|PI(X]| > [n]*) + |n|' P

0. )

From equations (7)—(9), which imply (6).
From equations (5) and (6) it follows that for |n| large enough

P : “) < P(IX; “)+ P sy “).
(1@a§|sj|>s|n|) Y. PUX;1 > Inl) + (max| > 5In]

n <n
SYA léjén \ X
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Hence we need only to prove that

I=:)"[n"2 Y P(X;| > [n) < oo, (10)
n 1<j<n
= Z |n|*P=2 P (1121% |S§")| > %lnl") < 00. (11)

n

From the fact that E|X|? logd_1(|X |) < oo, it follows easily that

1<y m*» " og! m)P(1X| > m*)
m=1
< E|X|Plog? 1 (1X]) < oo. (12)
By Lemma 2, it follows that

I 3l E ma 1511

n /XN
q/2
< Z |n|0{(l7_q)—2 Z E|X§n)|q + (10g2 |n|)q Z E|X§H)|2
" 1<j<n 1<j<n
=:II; +II,. (13)
whereq:2if0<p<2;q=%_f+p, if p > 2. One can show that
2
II;, = Z |n|a(P—4)—1E|qu1(|X| < |I’l|a)
~
< Zma(l’—q)—l logd_l(m)E|X|ql(|X| < ma)
m=1
o0 m ]
= Zma(P—Q)—l IOgdfl(m) ZE|X|qI(k —1 < |X]« <k)
m=1 k=1
(0.0) o0 1
= 3 w0 log = m) EX |91 (k — 1 < |X|¢ < )
k=1 m=k
o0
1
< Zko‘p logd_l(k)P(k —1<|X|* <k)
k=1
< E[X|”log ' (1X]) < oo (14)

If 0 < p <2, then let ¢ = 2, it follows that II, = II; < oo.
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When p > 2, by g = we have

I, <) |n|*P=07>* (log, |n))?

o0
< Z m@P=D=2+5 (log, m)
m=1
0

1
— meP—2—4q(@=7) (log, m)?
1

m=

3

=Y m 1P logy m)? < co. (15)
m=1

Putting equations (14) and (15) into (13) yields II < co. Now we complete the
proof of theorem 1. m]

Corollary 1. Let p =2, = 1, by Theorem 1 and Borel-Cantelli Lemma. Then
Sn

— —>0a.s.
n

Remark 1. Corollary 1 generalizes the Theorem 2.1 of Ko [3] to p~-mixing ran-
dom fields.

Theorem 2. Let {X, X;,i e N} be identically distributed p~-mixing random field,
a > 3, pa > 1, and suppose that EX=0 for ¢ < 1. S, = =D 1<i<n Xi» and

pa—2 ) o
v8>0,2n:|n| P(lrg%w > ¢|n| ) < 0. (16)
Then
E|X|”log? 1 (1X]) < oo. (17)

Proof. By maxigj<, |X;| < 2max ;<. |S;| and (16), we have

Z|n|f’“ Zp (lmax 1X;| > 26|n|°‘) < oo. (18)

\\n

By pa > 1 and (18), when |n| — oo, then

P (lmax 1X ;| > 28|n|"‘) — 0. (19)

IJIN
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By {X;,i € N} is a NA random field, then {I(X; > x) — E[I(X; > x)], j € N%}
and {I(X; < —x) —E[I(X; < —x)],j € N?} are all NA random fields.
By lemma 4, then

Var Zl (|x;] > 2¢ln|?)
=1

<2{Var | Y I(X; > 2e[n|) | + Var | Y " I(X; < —2¢[n|*)
j=l1 j=l1

<4C Zp(xj > 2¢[n|%) —|—ZP(Xj < —2¢ln|%)
j=1 j=1

=4C ) P(X;| > 2&|n|"). (20)
j=1
By equations (19) and (20) and lemma 3, when |n| — oo, then

> P(IX;] > 2¢ln*) < P <lma2( 1X;| > 28|n|°‘) . 1)

m
1<j<n SIS

By equations (18) and (21), then Y [n|P*~ ! P(|X| > 2¢|n|¥) < oo.

Thus Y0°_ mP*~'log?~'(m) P(1X| > 2em®) < oo.

Then E|X|Ph(|X|$) logd71(|X|) < 0o. Now we complete the prove of Theorem 2.
]

Because p~-mixing random fields are more general than NA field or p*-
mixing field. So we have the following two corollaries.

Corollary 2. Let {X, X;,i € N¢} be identically distributed NA field, o > %, pa >
1, and suppose that EX =0 fora < 1. §, = Zlgi@ X;, and

E|X|”log? ' (1X]) < oo. (22)

Then

Ve >0, [n|P* 2P (113% 1S;| > e|n|"‘) < . (23)

Corollary 3. Let {X, X;,i € N9} be identically distributed p*-mixing field, « >
%, pa > 1, and suppose that EX =0 fora < 1. S, = Zlgign X;, and

E|X|Plog? ' (|1X]) < oo. (24)
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Then

Ve > 0, Z In|P* 2P <1I£Jaén 1S;| > slnla) < 00, (25)
n

where the definitions of NA fields and p*-mixing fields see the following.

Definition 2 [1]. A field {X;,i € N9} is called negatively associated (NA) if for
every pair of disjoint subsets 7;,T> of N9,

Cov(fi(Xi,i € Th), f2(X;, j € T2)) <0,
whenever f; and f, are coordinatewise increasing.
Definition 3 [5]. A field {X;,i € N} is called p*-mixing if
p () = sup{(p(S,T); S, T C N,dist(S,T) > s} - 0(s — 00),
where

p(S.T) =sup{ |E(f —Ef)(g = EQI/If = Efl2lg — Egll2, f € L2(0(9)),
8 € Ly(a(1)}.

Corollary 4. Let p =2,a = 1, by corollary 2 and Borel-Cantelli lemma. Then
S

n
— = 0a.s.
n

Corollary 5. Let p =2, = 1, by corollary 3 and Borel-Cantelli lemma. Then
S,

n
— —> 0a.s.
n
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